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MULTIPLE REACTION SCHEME MODELLING* 
IV.. Mutually independent random nucleation reactions 
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An analysis has  been  per formed of  the characterist ics of the effective reactions, 
genera ted  under  non- i so thermal  condi t ions at  cons tant  heat ing rates, result ing from various 
equal  weight combina t ions  of sets of mutually independent ,  individual reactions obeying the 
Avrami-Erofeev  kinetics laws in which two and three  dimensional  random nucleation 
phenomena  are the ra te-cont ro l l ing  mechanisms.  As in previous  analyses, dealing with multi- 
ple sets of first and n th o rde r  singular  reactions, with regard to the separat ion of the in- 
dividual extent and rate  of react ion - t empera ture  curves, three  model classes have been  
considered.  The  relat ive spacing at one defined tempera ture  e i ther  decreases/increases by a 
set increment  or  remains constant.  Sets comprising from five to fifty members  have been ex- 
amined. 

The  effective reac t ion  data at  each heat ing rate  has been subjected to Arrhenius  analysis, 
and data, genera ted  over  a range of  heat ing rates,  has been analyzed using the generalized 
Kissinger and Fr iedman iso-conversional  approach.  The  effective reaction may be  analyzed 
assuming it obeys the Avrami-Erofeev  law or  as an n th o rder  reaction.  The  several features  
resul t ing from the  various analyses will be discussed. 

In solid state thermophysical and thermochemical reactions, it is highly 
probable that the occurrence of multiple processes is more the rule than the 
exception. In such cases, it is the extent and rate of the effective reaction 
which is measured by, for example, thermoanalytical means. How useful 
then is such data? Further questions must be posed before this can be 
answered. Are there any patterns in the variation of calculated reaction 
kinetics parameters with the extent of the overall reaction? Which ther- 
moanalytical approach is most useful, isothermal or non-isothermal? 
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1078 ELDER: MULTIPLE REACTION SCHEME 

Are there any criteria by which to test for the occurrence of multiple reac- 
tions? What model reactions should be employed to attempt to establish 
such criteria? 

In extending the work of Ozawa [1] and Flynn [2] the author [3] first con- 
cerned himself with studying simple models, namely, sets of mutually inde- 
pendent, first order reactions with close-valued reaction kinetics parameter 
E, A values. Realizing the limitations of the early work, a more rational ap- 
proach to the construction of the model has been presented [4]. This 
analysis enabled the development of the first criterion of the occurrence of 
multiple reactions, namely, a characteristic variation in the Friedman [5] 
reaction kinetics parameters with extent of reaction. Such analyses neces- 
sitate the non-isothermal approach. A further result of this analysis is that a 
set of first order reactions yield an overall n th order reaction, where the 
order can vary from 0.6 to 3.0. 

More recently, this multiple reaction scheme analysis has been extended 
to cover multiple sets of the n th order reactions [6]. This treatment con- 
firmed the first criterion, and enabled the development of a second. Two 
equations relating the maximum rate parameters, the Arrhenius activation 
energy, the order of reaction and the heating rate may be generated from 
the rate equation and its integral form, (Eqs 3 and 5) [6]. The first is 
generally applicable, but the second is valid strictly for a single reaction. A 
difference between the n-values, calculated by these two means, is indicative 
of a multiple reaction. Furthermore, the magnitude and sign of the dif- 
ference is characteristic of the complexity of the multiple set model. 

Solid state reactions of great interest are those that involve nucleation or 
associated phenomena. The random nature of such nucleation phenomena 
may well generate a multiple reaction situation, which should be examined. 
~estak [7a] has discussed the several solid state processes belonging to the 
general class. It should be pointed out that there are differences in the pub- 

lished integral form, F(a ) = h .  [ ' I n  (1 - a )]l/n'. of the f(a) function describ- 
ing these processes, where n' is the Avrami exponent. Thus, Sharp, Brindley 
and Achar [8], in generating numerical data applicable to the first discussed 
members of this class, the Avrami-Erofeev growth processses by two and 
three dimensional random nucleation (A2, A3), set h = 1, which is correct. 
The differential form, used in the rate equation, vide infra, then becomes 

f (a  ) = n ' .  (1 - a ) .  [ - In  (1 - a )](n'-l)/n'. Heal, quoted by Brown, Dollimore 

and Galwey [9], uses h =n' .  In this case, f ( a ) =  ( 1 - a ) . [ - l n  ( 1 -  a )](n'-l)/n' 
~estak [7b], employing the symbol G for this class, uses this latter formf(a) ,  
but tabulates the integral function with h = 1/n'. Calculations have shown 

z ~ AnaL, 3~ ]990 



ELDER: MULTIPLE REACTION SCHEME 1079 

that the results presented in this analysis are essentially the same, irrespec- 
tive of the value of h. Here, the Heal relationships have been employed, 
since presumably they are the most widely accepted mathematical forms. 

In this paper, an analysis is made of the characteristic features of the ef- 
fective reaction resulting from sets of individual Avrami-Erofeev, A2/A3 
reactions, assumed to proceed in a mutually independent fashion. As in pre- 
vious work, [3, 4, 6] three classes of multiple sets will be generated. These 
classes enable different possible arrangements of the single member extent 
and rate of reaction curves on the temperature axis. Multiple sets compris- 
ing from five to fifty individual members will be considered. The effective 
reaction data, generated over a wide range of linear heating rates will be 
subjected to Arrhenius, Friedman and Kissinger analyses. 

Theoretical basis 

The effective reaction resulting from a mutually independent combina- 
tion of the individual member reactions o f  a multiple set is given by equa- 
tions (1)-  (4). 

da dai 
- d t  

(2) 

al da 
F (ai)  = f (3) 

f (ai ) o 

~_, gi = 1 (4) 

In this analysis, for simplicity, the L individual reactions are assumed to con- 
tribute equally to the overall reaction, i.e., gi = 1/L. Each singular reaction 
is assumed to follow the solid state reaction rate law, equation (5), wi th f (a i )  

given by (6) where n' = 2 or 3. 

dai / dt = A . T .  e x p ( - E  / R T )  . f  (ai ) ( 5 )  

f ( a i )  = (1 -- a i ) .  [--ln (1 -- cti)] ~" "-" (6) 

The effective reaction may be analyzed in either of two ways: (a) it is as- 
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1080 ELDER: MULTIPLE REACTION SCttEME 

sumed to follow the same law as the individual react ions from which it is 
constructed,  (b) as an n th order  reaction. The f (a) function takes ei ther of  
the forms 6a or 6b. 

( n , - l~ ,  A n ' m o d e l s ( n '  = 2 ,3 )  f ( a ) = ( 1 - a ) . [ - i n ( 1 - a ) ]  ~ )"  (6a) 

Fn model  f ( a )  = (1 - a )n (6b) 

The extent of  react ion at the maximum rate is given by either (7a) or (To). 

A n '  models  (n' = 2, 3) amax = 1 - exp (1 - n' - r / ) / n '  

Fn model  amax = 1 - [1 - r I . (n - 1)/n] 1/(n-1) 

(7a) 

(71,) 

The extents of  react ion at the se lected heating rate, fl, are calculated from 
F(a) ,  which, as has been  shown [10] is given by the general  expression (8). 

F ( a )  = (/1/f l  ) .  (E /R  )2 .p l  ( E / R T )  (8) 

For the two analyses: 

An'  models (n' = 2, 3) F ( a )  = n ' .  [ - I n  (1 - a )]l/n' (9a) 

Fn model  F ( a )  = [1 - (1 - a ) l -n  ] / (1 - n ) (9b) 

The 7 / a n d p l  functions,  in equat ions  (7) and (8) respectively,  are given by 
equat ions (10) and (11), where x = E / R T  

7/= [ 1 +  1 / x  I .Pl ((x ) . x  3 .e x (10) 

T 
Pl  (x) = f T.  exp (x) dT (11) 

To 

As previously indicated [10] a generalized Doyle equat ion is employed to 
evaluate p l (x) .  With x - 30, the relative deviation from the exact Vallet [11] 
values is < 0.001. 

Non- isothermal  extent and rate of  react ion data  so genera ted  at several 
l inear heating rates, fl, is analyzed by the Fr iedman iso-conversion equat ion  
(12). 

In [(da / dt )a / Ta . f  (a )] = InAF -- EF / RTa (12) 

and the general ized Kissinger equat ion (13). 

i.. Thermal Anal., 36~ 1990 



ELDER: MULTIPLE REACTION SCHEME 1081 

ln(fl /Tamax) = ln (Ag .EK/R  ) + lnOl (amax).EK/RTmax (13) 

where 01 (amax) -- - f '  (amax) / (1 + RTmax/EK) (14) 

The -f(araax) function is given by either (15a) or (15b). 

An" models (n' = 2 , 3 )  - f  (amax) = [n'~n'/ (n' + ~l - 1 ) ] l l n ' / n  ' (15a) 

Fn model -3~ (amax) = n - (n - 1). T/ (15b) 

Following the procedure previously described [4] three classes of multi- 
ple sets will be considered. They are defined in terms of their reaction 
kinetics parameters,  generated by program PARCAL. The extent (a) and 
rate (&) of reaction - temperature data of the initial member of the set, the 
master curves are generated at a set heating rate over the range a = 0.001 
to 0.999, and a l  (max), a l  (max) and Tl(max) defined. These master curves 
are displaced along the temperature axis by an increment AT/. The El, Ai 
values of each displaced curve are obtained by Arrhenius analysis, (equation 
5). ATi is evaluated at Ti(max) such that, at this temperature, the relative 

spacing between contiguous curves either remains constant, increases or 
decreases by a set fraction. A simple alphanumeric code is used to identify a 
multiple set. For example, 51, 20D and E, refer to sets in which the relative 
spacing increases by 5%, decreases by 20% or remains equal, respectively. 
The actual spacing depends, of course on the selected relative positions of 
the first and last member a - T, & - T curves. These are defined by the ratio 
f =  aL /a l  at Tl(max), selected by the investigator. Using the El, Ai values 
for each singular reaction in the multiple set, program KINMOD [3] 
generates the extent and rate of reaction- temperature data of the normal- 
ized effective reaction over the range aeff = 0.001 to 0.999 at at a chosen 
heating rate. An Arrhenius analysis is then performed assuming either the 
single reaction model (A2/A3), a generalized An'  model or an Fn model. 
This procedure  is repeated for a range of heating rates, fl = 1 - 150 deg/min. 
The program concludes with a generalized Kissinger analysis, and a Fried- 
man analysis for aeff = 0.05 - 0.95 at 0.05 intervals, assuming in turn the 
three models, A2/A3, An and Fn. 

z Thermal AnaL, 3~ 1990 



1082 ELDER: MULTIPLE REACHON SCHEME 

Analytical results 

As in previous work, [3, 4, 6] the values E1 = 220 kJ/mol and A1 = 
1.250.1012 K "1. rain -1 are used th roughout  the analysis for  the master  reac-  
t ion. Before  examining mult iple  sets, it is impor tan t  first to consider  the 

master  react ion.  
Figures  l a  and l b  show the complement  of the extent  (1 - a)  and the ra te  

(da /d t )  of react ion,  respectively,  as funct ions of  t empera tu re  for  f (a) ,  given 
by +equation 6a, for  various values of n' ,  at 10 deg/min.  Al though the maxi- 
mum reac t ion  ra te  decreases  l inearly with dec rease  in n', both  amax and Tmax 

dec rease  to a much lesser extent,  and in a non- l inear  manner .  It is easily 
shown that  a _.+ 0.5% er ror  in r results  in a + 86%, - 3 2 %  er ror  in n ' .  A 

+-- 0.5% er ror  in Tmax results in a +_- 8% e r ro r  in n ' .  To emphasize  this fur- 
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I. Thmnal AnaL, 36, 1990 



ELDER: MULTIPLE REACI/ON SCHEME 1083 

ther, models A2 and A3 master reaction extent and rate of reaction - 
temperature data was generated at various heating rates in the range, 1-150 
deg/min. Table 1 summarizes the results of the Kissinger and Friedman 
analyses. For model A2, the energies of activation and pre-exponential fac- 
tor values are consistent, even though the +_ 0.18% variation in amax results 

in a -4-_ 11% spread in the value of n', calculated from equation 7a. However, 
for model A3, the _ 0.26% variation in amax results in an n'-value of 3.27 
with a _ 23% spread. This, in turn, affects both the Kissinger and Friedman 
analytical data, as indicated. For both A2 and A3 model data, when analyzed 
as an n th order reaction, although the correct energies of activation are ob- 
tained, the AK-values are low, and the AF-values exhibit a slight increase 
over the range, a = 0.05 - 0.95. 

Great care has to be exercised when extent and rate of reaction data, 
either experimental or simulated, as in this analysis, is subjected to reaction 
kinetics analysis using the Avrami-Erofeev models. To emphasize this fur- 
ther, consider the four widely disparate modelAn '  reactions, #1-4, listed in 
Table 2. The 1 - ct vs. T, and d a/dt  vs. T curves, generated at 10 deg/min, are 
shown in Fig. lc  and ld,  respectively. With the exception of reaction #1 in 
the region a = 0.05 to 0.25, the curves are essentially the same, as con- 
firmed by the Ctma~ &max and Tmax values given in Table 2. Thus, equality of 
the maximum reaction rate parameters does not necessarily imply equality 
of model A n '  EA, AA,  n' values. However, when each of the four separate 
sets of extent and rate of reaction data was subjected to Arrhenius analysis, 
assuming an n th order reaction, consistent E.4, AA,  n values were obtained, 
as shown in Table 2. The small difference in the 1 - a, da/dt - T data for 
reaction #1 compared with reactions #2-4 shows up in the slightly lower 
model Fn reaction kinetics parameter values. The consistency of this model 
Fn data is in contrast to the statements and conclusions of Arnold at al [12] 
in their discussion ofn  TM order reactions. 

Multiple set analysis 

Table 3 lists the important parameters of a PARCAL output for a 5-mem- 
ber, model A2 set, with 51 spacing and a s / a l = f =  0.0s It is seen that the 
change in the ratio a i / a l  for each contiguous member reaction indeed in- 
creases by 5%. In order to study the effect of different spacing between con- 
tiguous curves, one generally employs as wide a window (smallest f ) as 
possible, such that the effective reaction shows a single maximum rate. The 

J. Thermal Anal., 36, 1990 
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1086 ELDER: MULTIPLE REACTION SCHEME 

limiting value o f f  is dependent both upon the selected type of curve spacing, 
and the number of members in the set. Table 4 lists the singular Ei, Ai values 
of the member reactions of three multiple sets with different modes of ai 

vs. T curve spacing, calculated at 10 deg/min. The 1 - ai and dai/dt curves, 
together with those for the effective reactions, (dotted curves) are shown in 
Fig. 2. The displacement of the individual curves along the temperature axis 
is given by Ti(max) - T1 (max). The a m a x  and Tmax values for the normalized 
effective reactions are as indicated in Table 4. Assuming that the overall 
reactions obey the same kinetics law as the individual member reactions, Ar- 
rhenius analysis yields the indicated EA, AA values. Using these with the 
amax and Tmax values, an effective Avrami exponent may be calculated from 

equation 7a. 

Table 3 Typical multiple set data - PARCAL output 5-member set, 5I spacing, f = 0.05, 10 deg/min 

i E, A.10 -12 ai AT* ai/al, Aailal, 
kJlmol (ICmin)'l % % 

1 220.0 1.250 0.62505 100.00 

2 222.3 1.484 0.48728 3.91 77.96 22.04 
3 225.2 1.874 0.34263 8.60 54.82 23.14 
4 229.6 2.170 0.19074 15.38 30.52 24.30 
5 240.8 6.357 0.03125 33.61 5.00 25.52 

*At Tl(max) 

Extremely low values, --0.2, are obtained, which in turn yield absurdly 
high EA, AA values. If, however, the effective reactions are analyzed assum- 
ing an n th order law, equations 6b and 7b, more realistic EA, AA values 
result, as shown in Table 4. All these tabulated reaction kinetics parameters 
were obtained using the entire a - T and & - T data of the effective reactions, 
with a realistic limit to the allowable deviation from linearity in performing 
the Arrhenius analysis, (see Elder [4] for details), namely 5, 10 and 15% for 
the three models, respectively. The agreement between the actual a - T cur- 
ves for the effective reaction and those calculated using the n th order 
parameters for the 10-member and 5-member model A2 multiple sets is ex- 
cellent. Even in the amax region, the difference Aa < 0.01. Unfortunately, 
the dynamic range of the computer used in this analysis, is such that the 
a - T values in the n th order analysis of the 10-member model A3 multiple 
set effective reaction, which, as indicated in Table 4, has exceedingly high E, 
A values, cannot be calculated. As has been pointed out previously [4, 6], 
Friedman analysis, i.e. iso-conversional Arrhenius analysis, is the preferred 

I. Thermal AnaL, 36, 1990 
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Fig, 2~, b Complement of extent and rate of reaction vs. temperature at 10 deg/min. 
(a), (b) 10-member A2 set, 10I spacing, a l o / a l  = 0.1 

thermoanalytical tool, and fortunately, fields EF, AF values such that the 
necessary a - T calculations lie within the computer's dynamic range 

If the width of the a -T window is limited by set t ingf  = aL / a l  = 0.7, and 
limiting the number of members to L -< 10, multiple sets may be generated 
such that the effective reaction can be analyzed assuming the An '  model, 
yielding apparently realistic values for the reaction kinetics parameters. Fig. 
3a shows the 1---ai vs. T curves, and the effective reaction (dotted curve) at 
10 deg/min, for such a narrow window, 5-member set of model A2 reactions 
with fixed Ei values: E1 = 220, AE = 0.8 kJ/mol, In a i  = 0.07843.Ei 
+ 10.60. The curves are 7.5E spaced at Tl(max) = 493.2 ~ As is seen, the ef- 
fective reaction is almost coincident with the third member, E3 = 
221.6 k J/tool, A3 = 1.418.1012K -1. rain "1, T3(max) = 495.8 ~ When analyzed as- 

.I. Thermal Anal., 3(~ 1990 
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Fig. 2c, d Complement of extent and rate of reaction vs. temperature at 10 deg/min.  ; (c), (d) 
5-member A2 set, E spacing, c~5/al = 0.2 

suming model  A2, the effective reaction yields EA = 217.8 kJ/mol, AA = 
0.758.012 K -1, T(max) = 495.6 ~ When analyzed as an A n '  reaction, one 
obtains n' = 1.18, EA = 385 kJ/mol, AA = 1.701.10 z3 K -1. rain -1 The mag- 
nitude of these variations are in accordance with those previously discussed 
(see Fig. lc ,  Table 2). 

If the window is broadened to f = 0.25, one obtains the curves with 
18.75E spacing, shown in Fig. 3b, with E1 = 220, AtE = 2.7 k J/tool, In Ai  = 

0.08125.Ei + 10.02. The effective reaction, dotted curve, exhibits one maxi- 
mum rate. However,  although this reaction data can be analyzed according 
to the A2 model; EA = 215.6 kJ/mol, AA = 0.426.1012 K -1. rain -1, a mean- 
ingful model  A n '  Arrhenius analysis cannot be performed. Finally, if f = 
0.05, the relatively broad window, shown in Fig. 3c, with 23.75E curve spac- 
ing at 493.2 ~ E1 = 220, AE = 5.2 kJ/mol, In A i  = 0.0838.Ei + 9.68 results. 

Z Thermal AnaL, 36, 1 9 9 0  
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Fig. 2e, f Complement of extent  and  rate  o f  reac t ion  w t e m p e r a t u r e  at 10 deg/min. (e), (f) 
1 0 - m e m b e r  A 3  set,  20D spacing, alO/al = 0.05 

The effective reaction rate shows a peak at Ctmax = 0.4848 at 499.5 ~ with 
a slight shoulder at a - 0.98 - a t  530 ~ Again, the effective reaction cannot 
be treated as a model A n '  reaction. Furthermore, only the data in the a - 
range 0.0 to 0.4454 can be used in a model A2 evaluation. 

It is obvious that the effective reaction resulting from a set of either A2 
or A3 individual reactions can, in general, only be analyzed assuming the n th 

order model, equations 6b, 7b and 9b. For certain multiple sets, reaction 
kinetics evaluations, assuming the single reaction model, can be carried out. 
When evaluated as F n  reactions, the values of n are dependent upon the 
number of members in the set, and the type and magnitude of the relative 
spacing between contiguous 1 - cti v s .  Tcurves. Figure 4 shows the curves of 
the extreme member single reactions and the effective reactions for the 5D 
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440 460 480 500 520 540 
TemperQture,~ 

Fig. 3 Complement of extent of reaction vs .  temperature at 10 deg/min. 5-member A2 set with 
E spacing with fixed AE values. (a )a5 /a l  - 0.7 AE = 0.8 kJ/mol; (b) as/•1 = 0.25 
AE = 2.7 kJ/mol; (c~zs/ol  = 0.05 AE = 5.2 kJ/mol 

and 20D, f = 0.05, 25-member, model A3 set, at 10 deg/min. The points X 
and Y indicate the maximum effective reaction rates, from which the n- 
values, 1.58 and 0.94 respectively, are calculated. In all cases, n is directly 
proportional to the logarithm of the heating rate, as shown in Fig. 5 (model 
A2) and Fig. 6 (model A3) for (a) 5, (b) 10, (c) 25 and (d) 50-member sets. 
The circles on the 30D lines in Figs 5a and 6a attest to the linearity of the 
data, which applies also in the other cases considered. As can be seen for 
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the 5 - m e m b e r  sets, the slopes decrease  as the relat ive spacing changes  f rom 

30D to 301. For  sets with D spacing,  a reversa l  in the n - In fl s lope  can 
occur .  The  g rea te r  the number  of  m e m b e r s  in the set,  the lower  the value of  
the D spac ing  at which the reversa l  occurs.  Thus,  for  a 10 -member  set, be-  
tween 20D and 30D; for  a 25 -member  set, reversa l  occurs  be tween  10D and 

20D, and  be twe en  5D and 10D for a 50 -member  set. The  n - In fl var ia t ion  

thus serves as an ident i f ier  of  the mul t ip le  set.  For  mode l s  in which the 
change in relat ive spac ing  be tween  cont iguous  1 - ai  vs. T curves is high, 

_>10%, then as the num ber  of  m e m b e r s  in the set increases ,  L _> 25, so the 

1.0 -~--~ -'~~ 
~)~, "..20D 25 O8 

o., \ ,,,_....... \ 
\ \ 

o.,- \ ,,, \ 
~. \ - \  

02 ", ", '"... \ 
\ ,  - ' , ,  " . . \  

60 480 500 520 
Temperature ,~ 

Fig. 4 Complement of extent of reaction vs. temperature at 10 deg/min. 25-member A3 set, 
extreme members 1 and 25, az5 / al = 0.05. Effective reaction curves: 5/9 and 20D spacing 

curves diverge or converge  to such an extent  that  they are  too close to dif- 

f e ren t ia te  e i ther  at the beginning  ( inc remen ta l  spacing)  or  the end  
( d e e r e m e n t a l  spacing).  Such models  are ind ica ted  in Figs 5 and  6 by their  

absence .  
F r i edman  analyses of  the effective extent and ra t e  of  reac t ion  da ta  for  

these  severa l  mul t ip le  sets, ca lcu la ted  over  the l inear  heat ing  ra te  range,  1 - 
150 deg/min,  have b e e n  car r ied  out over  the a - range,  0.05 to 0.95 at 0.05 

intervals.  The  i so-convers iona l  reac t ion  kinetics p a r a m e t e r s  were  ca lcu la ted  
(a) assuming the effective reac t ion  obeyed  the same law as the individual  
reac t ions  (A2 or A3) compris ing  the set, (b) as an n th o rder  ( F n )  reac t ion .  
Since calcula t ions  have shown that,  i r respec t ive  of  the mode l  employed ,  the 

1. Thermal AnaL, 3(~ 1990 
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Friedman parameters obey the compensation relationship, equation (16), 
only the activation energy data will be presented. 

ln A F  = ki.EF + k2 (16) 

For the model A2 individual reaction system, Figs 7 and 8 show the varia- 
tion of EF with the extent (a) of the effective reaction, evaluated as model 
A2 and Fn reactions, respectively, for (a) 5, (b) 10, (e) 25 and (d) 50 mem- 
ber sets. Figures 9 and 10 show the analogous plots for the A3 individual 
reactions system. There are very significant differences between the charac- 
teristic EF - a variations according to the assumed effective reaction model. 
As can be seen from Figs 7 and 9, when analyzed as A2 and A3 reactions, 
the variations exhibit similar patterns as the individual member 1 - ai vs. T 

curve spacing changes from high D through E to high L When analyzed as 
Fn models, as shown in Figs 8 and 10, EF shows a reasonably linear varia- 
tion with a over ~ 75 - 80% of the total reaction. It is only in the final 20- 
25% of the effective reaction that the larger variations, particularly so in the 
case of the 5D-30D models, are encountered. As is also seen, for the E and 
51-30I models, the change in EF with a is small. The exceptions for the 10- 
member-30D, 25 member-20D and 50 member-10D models in Figs 8b-8d, 
10b-10d, parallel those indicated in Figs 5b-5d, 6b-6d. The compensation 
coefficients in equation 16 are given for the A2/A3 and Fn evaluations in 
Tables 5 and 6, respectively. For the model A2 and A3 evaluations, as can be 
seen from Table 5, kl and k2 remain relatively constant, independent of the 
number of members in the multiple set, and the model type. For the Fn 

evaluations, as shown in Table 6, kl decreases and k2 increases as the multi- 
ple set model type changes from high D to high L These changes become 
more obvious as the number of members in the sets increases. Tables 7 and 8 
list the Kissinger reaction kinetics parameters, EK and AK, generated from 
equation 13 for the two evaluations, A2/Fn and A3/Fn,  respectively. With a 
low number of members in the set, EK and AK remain fairly constant. With 
increase in the number of members, as the model type changes from high D 
to high 1, so EK and A K  decrease from relatively high to the low values ex- 
hibited by the low number member sets. 

z Thermal AnaL, 36 1990 
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Discussion 

If the correct form of the integral equation [7a, 8] for F(a) and the 
result ingf(a)  function are used instead of equations 9a and 6a, the relative 
positions of the individual curves in Figs la  and lb are slightly different. 
However, for n' = 2 and 3, this has little effect on the various multiple reac- 
tion sets modelled in this analysis. One finds that all amax, &max and hence, 
caleulated n-values are little affected. Traax values are lower by - 13 - 15 ~ 
and all 1 - a vs. T a n d  & vs. T curves are displaced by this amount down the 
temperature axis. The positions and magnitudes of the linear n vs.  In fl plots 
in Figs 5 and 6, and the characteristic E F  vs. a plots shown in Figs 7-10, are 
essentially the same. 

The original Avrami-Erofeev models (A2, A3) considered two and three 
dimensional random nucleation as the solid state reaction rate-controlling 
step [8]. In discussing the generalized expression, (6a), Sestak [7b] employs 
the symbols G1-G7 to denote several postulated nucleation-related 
phenomena with Avrami exponents, n' = 1, 1.5, 2, 2.5, 3, 4 and 5. Considera- 
tion of the single reaction extent and rate data shown in Fig. la, b indicates 
that calculation of the Avrami exponent, n', by measurement of amax from 
equation 7a, using an iterative procedure [6] can give rise to erroneous 
values. 

As previously indicated, although the Kissinger - and Friedman- derived 
activation energies and pre-exponential factors for the A2 master reaction 
are very close to the correct values, such is not the case for the A3 master 
reaction, (see Table 1). It should not be forgotten that, as shown in Table 2, a 
number of widely disparate Avrami-Erofeev reaction kinetics parameters 
yield essentially superimposable extent and rate of reaction - temperature 
curves, shown in Figs lc and ld. This data, when interpreted as an n th order 
reaction, yields comparable EA,  A A ,  n values. So also the extent and rate of 
reaction - temperature data for both the A2 and A3 master reactions yields 
comparable Kissinger and Friedman reaction kinetics parameters, shown in 
Table 1. 

The findings of this study of multiple Avrami-Erofeev type reactions, in- 
dicate that, as regards experimental investigations, an n th order Arrhenius 
analysis of non-isothermal data at one heating rate should be performed ini- 
tially. The second criterion [6] for a multiple process is examined by cal- 
culating the F n  reaction order by the two means, one valid strictly for a 
single reaction, the other, employing equation 7b which, although not strict- 
ly correct, is considered to be applicable to multiple reactions [6]. If the two 

z Thermal Anal., 36, 1990 
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values do not agree, there is a strong possibility that the measured data is 
the effective result of multiple reactions in process. The magnitude of the 
EA, AA, n parameters serve as a guide as to the solid state model which 
should be used in a second Arrhenius analysis, and, when data at several 
heating rates has been monitored, in the Kissinger and Friedman analyses. 

Consider the model A2, 5-member set whose equally spaced extent of 
reaction - temperature curves, within the narrow window, a5 = 0.7 a l  at 
Tl(max), are shown in Fig. 3a. When analyzed as an n th order process, the 
effective reaction data yields the values, EA -- 456.4 kJ/mol, AA = 1.251.1028 
K -1. rain -1, n = 0.984. A correlation coefficient >0.999, together with a 
0.025 standard error of the estimate attest to the linearity of the regression 
over the range, aeff = 0-0.974. Applying the criterion test, the reaction order 
calculated assuming a single reaction is 4% greater than the equation 7b 
value, in good accord with that proposed for the actual model. As has been 
pointed out previously [13], high values of the Fn kinetics parameters are 
typical of singular Avrami-Erofeev reactions. It appears that such is also the 
case for multiple reactions of the same solid state model. As indicated 
above, this particular 5-member set effective reaction also conforms to the 
genera lAn '  model, with n' = 2 and also n'  = 1.18. Except in this particular 
case, one cannot fit effective reaction data, resulting from a set of A2 or A3 
individual reactions, to the general An' model. The Fn model parameters 
for the three multiple sets shown in Table 4 and Fig. 2 conform to criterion 
1, and the magnitude of the EA, AA parameters indicate that the effective 
data should be analyzed as the A2, A2 and A3 models, respectively, as was 
carried out. 

The Fn reaction order of both the A2 and A3 single master reactions 
remains essentially constant when calculated from extent and rate of reac- 
tion data generated over a wide range of heating rates. However, such is not 
the case for multiple sets. In all cases, the reaction order varies linearly with 
the logarithm of the heating rate. As shown in Figs 5 and 6, the slope and in- 
tercept vary according to the number of members in the sets, and the type 
and magnitude of the relative spacing between contiguous 1 - a vs.T curves 
characterizing these sets. This characteristic behaviour constitutes the third 
criterion for multiple reactions. 

The first criterion, the variation of the Friedman reaction kinetics 
parameters,  EF and AF, with the extent of the reaction, applicable to first 
and n th order multiple sets, is confirmed for the Avrami-Erofeev class of 
solid state reactions. Irrespective of the solid state model used in evaluating 
the effective reaction data, there are very characteristic changes in EF and, 

Z Thenn~l AnaL, 36, 1990 
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because of the compensation relationship, i n A F  with a. As shown in Figs 7- 
10, the behaviour is different according to the model employed, A2/A3 or 
F n  . Thus, both models should be used in the Friedman and Kissinger 
analyses. 

A reasonable estimate of the type of multiple set, and the number of 
members it contains, can be made by comparing the F n  model n - In fl, and 
E F  - a relationships with the patterns typified in Figs 5 and 6, and Figs 8 and 
10. The magnitude of the n th order, E A ,  A A  values resulting from an Ar- 
rhenius analysis of data at any heating rate will serve as a guide as to which 
model, A2 or A3, should be used in generating EF vs. a curves. Comparison 
of such generated data with the characteristic shapes shown in Figs 7 and 9 
will assist in confirming the investigator's hypothesis as to the possible 
mechanism of a potential multiple process. As the results in Tables 7 and 8 
show, with the exception of the high D models, Kissinger analysis data gives 
a reasonable estimate of the reaction kinetics parameters of the initial reac- 
tion In a multiple set. 

As the Avrami exponent approaches unity, it will become increasingly 
difficult to differentiate between true nucleation and simple first order reac- 
tions. Even though it may be very difficult to test for the second and third 
criteria, testing for the first should always be possible. 

Modern DSC and TG instrumentation enables reasonably accurate 
temperature dependent data to be monitored, but as shown in Figs 7-10, 
reaction kinetics data calculated at high a>__0.9 is suspect, even with the 
perfect control of the independent variable, temperature, in a model experi- 
ment. In attempting to utilize the findings of these multiple reaction scheme 
analyses to interpret experimental data, the necessity for strict sample 
temperature control, particularly at relatively high heating rates, fl -- 10-20 
deg/min, cannot be over-emphasized. It is this aspect of thermoanalytical.in- 
strumentation development that is of most importance. 

Glossary of symbols 

a extent of reaction (dimensionless) 
d a l d t ,  6t rate of reaction (min -1) 
T absolute temperature (K) 
E energy of activation (k J/tool) 
A pre-exponential factor (K-l.min -1 ) 
R universal gas constant (8.31434 kJ/mol.K) 
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fl heating rate (deg/min) 
pl (E/RT) general function including the exponential temperature in- 

tegral 
r/general function including E/RT andpl  (E/RT) 
01 (amax) correction term in Kissinger equation 
n exponent in all n th order relationships 
n' Avrami exponent 
f number descriptive of the spacing between the extreme extent of reac- 

tion - temperature curves 
L numbers of members in a multiple reaction set 
kl.k2 compensation equation parameters 
Subscripts 
A-Arrhenius F-Friedman K-Kissinger 

The author wishes to express his appreciation to the management of Merck and Co. for 

their continuing support of this extra-curricular program. 
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Zusammenfassung - Es wurde eine Untersuchung der Eigenschaften von unter nich- 
t isothermen Bedingungen mit konstanter Aufheizgeschwindigkeit generierten effektiven 
Reaktionen durchgeffihrt, die sich aus verschieden gewichteten Kombinationen einer Reihe 
yon voneinander  unabh~ingigen Einzelreaktionen ergeben, die der Avrami-Erofeev-Regel un- 
terliegen, bei der  der  gesehwindigkeitsbestimmende Mechanismus ein dreidimensionales 
Randomnucleation-Phiinomen ist. Wie in vorangehenden Untersuchungen wurden unter An- 
wendung yon Mehrfachsets aus Einzelreaktionen erster und n-ter  Reaktionsordnung im 
Hinblick auf die Reaktionsgesehwindigkeit-Temperatur-Kurven und die Separierung der ein- 
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zelnen Antei le  drei Modellklassen beriicksichtigt. Das relative Spacing bei e iner  def inier ten 
Tempera tur  wird um ein gegebenes Inkrement  entweder gesenkt, e rh6ht  oder  bleibt  
konstant.  Es wurden Sets mit 5 bis 50 Tei l reakt ionen untersucht.  

An den Daten  der  effektiven Reakt ionen wurde fiir jede Aufheizgeschwindigkeit  eine Ar-  
rhenius-Analyse durchgefi ihrt  und fiber einen Intervall  yon Aufheizgeschwindigkeiten 
gener ier te  Daten  wurden mittels  der  ai lgemeinen Isokonversionsn~iherung yon Kissinger und 
Fr iedman analysiert.  Die effektive Reaktion kann als Reakt ion n - t e r  Ordnung analysiert  wet- 
den oder, wenn man die Gfiltigkeit der  Avrami-Erofeev-Regel  annimmt.  Es werden einige 
Merkraale diskutiert,  die sich aus den verschiedenen Analysen ergeben 

Z ~ AnaL, 36, 1990 


